Abstract. We investigate a quantum many-body system with particles moving on a circle and subject to two-body and three-body potentials. In this new class of models, that extrapolates from the celebrated Calogero-Sutherland model and a system with interactions among nearest and next-to-nearest neighbors, the interactions can be tuned as a function of range. We determine the exact ground state energy and wavefunction and obtain a part of the excitation spectrum.
of the CSM is that all the particles interact with each other. Nearly three decades later, two of us (Jain and Khare) [24] discovered that this system remains integrable when the interaction is limited to nearest-neighbors provided one includes a three-body attractive term.
Recently, Pittman et al. [25] have extended the results of [24] by considering a family of one dimensional systems, on full line with harmonic confinement, in which the tunable inverse-square interactions extend over a finite number of neighbors. These systems involve pair-wise two-body as well as three-body interactions. It is then natural to inquire if one can extend this discussion to the periodic case. The purpose of this short article is to answer this question. In particular, we consider an N -body problem on a circle, with periodic boundary conditions, in which a particle only interact with r of its neighbors via two-body and three-body terms. We obtain the exact zero-point energy and the ground state wavefunction of this system. As expected, the CSM and the JK models on circle are recovered as specific limits. We then proceed to characterize a part of the excitation spectrum.
II. Hamiltonian and the ground state
To set the notation, let us first recall that the Hamiltonian for the N -body problem on a circle when the range of interaction is limited to nearest neighbors is [24, 26] 
where we have seth = m = 1. x i , i = 1 . . . N , denote the coordinates of the particles measured along the circle (see Fig. 1 ). and periodic boundary conditions imply x N +i = x i . These systems have been shown to have the ground state wave function
provided g > − 1 4 and G ≥ 0 and subject to the relations
We now discuss a logical extension of this problem and include interactions up to the r th nearest neighbor, instead of just the first nearest-neighbor. Inspired by the form of wavefunction for the CSM and JK model we start with the following ansatz for the ground state eigenfunction
where N 0 is an appropriate normalization constant. Further, we demand that this wavefunction satisfies the periodicity condition x i+N = x i . A simple way to construct it is by pairing every point on the circle with its succeeding r points, proceeding either in clockwise or anti-clockwise direction (fixed in order to avoid double counting). It is worth noting that in the appropriate limits this ground state wave function interpolates between the CSM and the JK ground states. After a lengthy but straightforward algebra, the ground state (??) can be shown to be an eigenstate of the Hamiltonian
where, again g > − 2 , depending on whether N is even or odd, observe that when r ≥ c any particle is in the neighborhood of every other particle and hence the system essentially goes over to the Sutherland model.
Returning to the Hamiltonian, apart from the momenta and inverse square potentials that are inherent of the system under consideration, the constraints on the summation in the third term of Eq.
(??) are quite intriguing. They essentially convey that three particles are in an attractive potential only if all the three are not in the neighborhood of each other. In other words, a triple chosen such that each particle falls in the neighborhood of the other two does not contribute a position-dependent potential term to the Hamiltonian. Instead, however, such a triple increases the eigenenergy by one unit. By some scrutiny we deduce that, while r < c, the number of these three-body terms in H is given by
where k given governed by the relations
The value of k is irrelevant when r ≥ c as there are no three-body terms.
Further study reveals that ground state energy, noted by the following form, depends on N and r.
As expected, in case r = 1 the ground state energy goes over to the expression as obtained by JK [24] and to CSM [2] when r ≥ c. Table 1 
2 TABLE I. With two neighbors (r = 2), the minimum number of particles, N , has to be six. Here we give some typical values of ground state energies for some systems labeled by (N, r) when r < c.
III. Excited State Spectrum
The eigenfunctions of the CSM Hamiltonian are expressible in terms of Jack polynomials [27] [28] [29] .
Following this observation, Lapointe and Vinet [30] presented an elegant approach of obtaining the excited states by acting a string of creation operators on the ground state wavefunction. Using this, Ezung et al. [31] have obtained a part of the excited state spectrum for the JK model. Proceeding along similar lines, we begin by writing wavefunctions of the excited states in the form
where ψ 0 is the ground state wavefunction as given by (??) and φ is required to be symmetric so that ψ behaves like ψ 0 under the exchange of particles. Plugging this ψ into our Hamiltonian (??), we get
where H 1 is given by
In order to obtain the excited state solutions we see that it is suitable to use the variables
and hence, H 1 takes the form
where
Some remarks concerning certain interesting features of (??) and (??) are in order:
. Thus if φ is eigenfunction of H 1 , it is also eigenfunction of P , i.e.,
2. If φ is an eigenfunction of H 1 and P , then φ given by
is also an eigenstate of H 1 and P with eigenvalues − 0 + 2N q(L/2π)κ + (N q) 2 and κ + N q respectively. Note that here q is any integer (both positive and negative). Observe that the multiplication by G implements a Galilei boost. Let us now discuss the excited state solutions by using (??) and (??). It is easily shown that H 1 as given by (??) admits four excited state solutions with the corresponding eigenvalues and eigenfunctions:
Here e j (j = 1, 2, . . . , N ) denotes elementary symmetric functions in terms of z j . For instance, e 2 = z 1 z 2 + z 2 z 3 + · · · + z N −1 z N and has N (N − 1)/2 number of terms. It is interesting to note that the energy of the third state in the above list is independent of the range of interactions r. In the appropriate limit (i.e. r = 1) we recover the four known excited state energies for the JK model.
As mentioned above, each of these solution is doubly degenerate. For example, the two solutions e 1 and e N −1 /e N are degenerate. By taking the linear combination of these two complex solutions one can
show that the two degenerate real solutions are
Similarly, all other degenerate excited state solutions may be rewritten as two independent real solutions. Despite the apparentness all the excited are not doubly degenerate. In particular, consider
Rewritten in terms of trigonometric functions, it becomes
This is an exact solution with − 0 = 2 + 4rβ but with momentum eigenvalue κ = 0. And it is a non-degenerate solution as it remains invariant under z i → z −1
i . We would like to point out that apart from the aforementioned four states, the degeneracy structure and other excited eigenstates, if they exist, still remain unknown.
IV. Conclusions
We have presented here a new class of models that describe particles confined to a circle and subjected to inverse-square, two-body and three-body interactions among a finite number of neighbors.
This interpolates between the Sutherland model on one hand (when the three-body terms vanish) and the JK model on the other. The exact ground state energy and a few excited states have been determined.
The variable range of interaction, we believe, is closer to physical situations where screening is present and therefore, experimental realizations of such one dimensional models would be interesting to see. And with impetus from the advances in field of ultracold atoms [32] that may not be too far away.
This family of truncated range models can be extended in a wide variety of ways. For example one could extend it in the case of multiple species, in higher dimensions and to a variety of root systems. Further, one can inquire if like JK model, these models also have off-diagonal long range order (ODLRO). It may be recalled that the JK model is the only known one-dimensional model that exhibits ODLRO, implying Bose-Einstein condensation at zero temperature [33] . Besides, one can try to map this problem to some circular random matrix model. For the Sutherland and JK models, there is a transformation which leads one to the exact eigenfunctions for classically chaotic systems [34] , a similar mapping makes a connection with a five-dimensional billiard for the model presented here. We hope to return to some of these connections in the near future.
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